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Combining 3-momentum and kinetic energy on Galilei/Newton spacetime
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(Dated: September 16, 2019)
In classical mechanics, the standard lore—even when 4-dimensional Galilei/Newton spacetime
G is considered—is that non-relativistic energy and 3-momentum cannot be combined in a single
geometric object. While this is indeed so for a vector (material particle) or (2, 0) tensor (material
continuum), G does allow kinetic energy and 3-momentum to be combined in a linear form or (1, 1)
tensor respectively. As on Minkowski spacetime M, for a material continuum on G the First Law of
Thermodynamics can be considered a consequence of a unified dynamical law for energy-momentum
rather than an independent postulate.
I. INTRODUCTION
Traditional points of departure for non-relativistic and
relativistic classical mechanics [1–3] feature distinct pic-
tures of space and time. The traditional non-relativistic
picture is that tensor fields on 3-dimensional Euclidean
position space E3 evolve as functions of absolute time t.
In contrast, underlying the relativistic picture is a unified
4-dimensional spacetime; for present purposes let this be
flat Minkowski spacetime M. Tensor fields on M em-
body the history of the system—a kind of static, eternal
reality governed by equations more in the character of
constraints than evolution. Conjugate to unified space-
time is a single geometric object, 4-momentum, combin-
ing the energy and 3-momentum that are separate in the
non-relativistic case.
The relationship between non-relativistic and relativis-
tic formulations of classical mechanics is normally con-
ceived as the former being a limit of the latter. As 4-
dimensional equations are split into 3 + 1 dimensions,
unified balance of 4-momentum on M is decomposed into
balance of 3-momentum and balance of energy. Then the
c → ∞ (infinite speed of light) limit of the relativistic
equations in 3 + 1 dimensions coincides with the non-
relativistic equations.
It is intriguing to explore the extent to which the con-
ceptual relationship can be understood in the reverse di-
rection: Can the non-relativistic evolution equations on
position space also be understood as constraint equations
on spacetime?
The answer has been yes, to a certain extent. At
least by the 1920s, Weyl [4] and Cartan [5–7] consid-
ered the combination of Euclidean position space E3
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and Euclidean absolute time E into a non-relativistic 4-
dimensional spacetime. Works by Toupin and Truesdell
[8, 9], Trautmann [10, 11], and Ku¨ntzle [12] bear men-
tion as example entry points into what has been a rather
mathematically-oriented literature across the interven-
ing decades. A recent work of mine [13] compares—
with additional discussion and references—Minkowski
spacetime M and what I call Galilei/Newton space-
time G, both of which are flat 4-dimensional mani-
folds, and indeed 4-dimensional affine spaces. That
work illustrates that kinetic theory on spacetime pro-
vides an intuitive understanding of fluid dynamics from
a mostly 4-dimensional perspective on both relativistic
and non-relativistic spacetimes, expressed by the same
4-dimensional equations for the fluxes of baryon num-
ber, 3-momentum, and kinetic+internal energy on both
M and G.
However, a perceived inability to unite 3-momentum
and energy balance in a single tensor equation in the
non-relativistic case has remained notable. In the 1970s
Duval and Ku¨nzle [14] used a variational principle to
derive for a non-relativistic material continuum a ten-
sor unifying stresses and internal energy flux, but it ex-
cludes mass flow; its 4-divergence does not vanish in
the absence of an external 4-force, but is equated to a
bulk acceleration term. The more recent approach of
de Saxce´ and Valle´e [15–17] exhibits the vanishing diver-
gence of an ‘energy-momentum-mass-tensor,’ but on a
5-dimensional extended non-relativistic spacetime, with
invariance under the Bargmann group (a central exten-
sion of the Galilei group).
Here I show that it is possible to write down a ten-
sor constraint equation on spacetime that encompasses
both the 3-momentum and kinetic+internal energy of
a material continuum; has vanishing divergence in the
absence of external 4-force per baryon; and does so in
a conceptually unified way in both the relativistic and
non-relativistic cases, that is, on both M and G. This
is an equation for the divergence of what I call the rel-
ative energy-momentum flux tensor S. A key point is
that it is a (1, 1) tensor, with components Sµν , satisfy-
ing a linear form equation—in contrast to the (2, 0) total
inertia-momentum flux tensor (a.k.a. energy-momentum
or stress-energy tensor) T , with components T µν , satis-
fying a vector equation. What happens is that Galilei
2invariance forbids energy contributions to 4-momentum
and a time component of 4-force when these are consid-
ered as vectors. However, this restriction does not ap-
ply to 4-momentum and 4-force regarded as linear forms.
This is where internal energy density and flux have been
hiding on G all along. The purpose of this paper is to
motivate S and its governing equation on both M and
G.
II. RELATIVISTIC CLASSICAL MECHANICS
ON MINKOWSKI SPACETIME
On Minkowski spacetime M the history of a particle of
mass m is a worldline X (τ) parametrized by the proper
time τ measured by a clock riding along with the parti-
cle. The tangent vector to the worldline, U = dX (τ)/dτ ,
is the 4-velocity of such a comoving observer. It satisfies
the normalization g(U ,U) = −c2, where g is the space-
time metric. The components of g and its inverse←→g are
gathered by the 3 + 1 block matrices
g =
(
−c2 0
0 1
)
, ←→g = g−1 =
(
−1/c2 0
0 1
)
(1)
in any inertial frame.
Select a fiducial frame, a global inertial frame on M.
Associated with this frame is a family of fiducial ob-
servers whose uniform 4-velocity field w = ∂/∂t (also
normalized as g(w,w) = −c2) is the tangent vector field
to the coordinate lines of the global time coordinate t.
The level surfaces St of global time coordinate t foliate
M into affine hyperplanes; these represent 3-dimensional
position space with Euclid geometry embodied by a 3-
metric γ, and are associated with a uniform linear form
t = dt = ∇t. With the fiducial frame components of w
and t gathered by 4-column and 4-row
w =
(
1
0
)
, t =
(
1 0
)
(2)
respectively (in 3+1 block form), it is clear from Eq. (1)
that the equation
t = −
1
c2
g ·w = −
1
c2
w. (3)
relates t to w. The dot operator (·) introduced in
Eq. (3)—which reads tµ = −gµαw
α/c2 in components—
never denotes a scalar product, but only contraction with
the first available index. Here a scalar product will al-
ways be expressly given in terms of a metric tensor,
for instance g(w,w) or γ(v,v). The linear form w is
the index-lowered metric dual of w, with components
wµ = gµα w
α.
The 3-metric γ and its index-raised siblings ←−γ , −→γ and
←→γ on St, with components γij , γ
j
i = γi
j = δji , and
γij respectively, can also be regarded as tensors on M
(with components γµν , γ
ν
µ, γµ
ν , and γµν) that behave
as projection operators to St. These can be expressed
in terms of the metric tensor g, inverse ←→g , and identity
tensor δ =←−g = −→g on M:
γ = g +
1
c2
w ⊗w, ←→γ =←→g +
1
c2
w ⊗w, (4)
←−γ = δ +
1
c2
w ⊗w, −→γ = δ +
1
c2
w ⊗w. (5)
The components of these tensors all transform differently
under Lorentz transformations. However, in the fiducial
inertial frame the single matrix
γ =←−γ = −→γ =←→γ =
(
0 0
0 1
)
(6)
gathers the components of all of them.
Because the projection operators to St have vanishing
contractions with w and/or w, they can be used to de-
compose tensors on M into spacelike and timelike pieces.
For instance, the 4-velocity U decomposes as
U = Λv (w + v) , (7)
in which Λv =
(
1− γ(v,v)/c2
)−1/2
is the Lorentz factor
following from the normalization, and the 3-velocity v
defined from the projection Λvv =
←−γ · U = U · −→γ is
a vector on M that happens to be tangent to St (and
therefore as needed could also be regarded as simply a
vector on St).
We will also need decompositions relative to U . Such
decompositions allow specification of material properties
by defining quantities measured by a comoving observer.
They are accomplished at any point X of M with the
projection operators
h = g +
1
c2
U ⊗U ,
←→
h =←→g +
1
c2
U ⊗U , (8)
←−
h = δ +
1
c2
U ⊗U ,
−→
h = δ +
1
c2
U ⊗U (9)
to a local hyperplane SU(X ) that is the orthogonal com-
plement of U(X ).
Consider now the dynamics of a relativistic mate-
rial particle. For purposes of relating to the non-
relativistic case, take care to distinguish between the
inertia-momentum vector I = mU of a particle and its
total energy-momentum form, the metric dual I = mU ,
where U = g · U . The timelike components of the 4-
column and 4-row
I =
(
mΛv
mΛv v
)
, I =
(
−mc2Λv mΛv v
T
)
(10)
gathering their components in the fiducial frame confirm
the appropriateness of this nomenclature (see Eqs. (7),
(2), and (1); v is the 3-column gathering the components
of v on St). Linear form and vector versions of Newton’s
Second Law for particles on M read
d
dτ
I = Υ ,
d
dτ
I =
−→
Υ (11)
3in terms of the 4-force linear form Υ and vector
−→
Υ =
Υ ·
←→g (that is, Υµ = Υα g
αµ). The 4-force vector can
be decomposed relative to either w or U ,
−→
Υ =
θ
c2
U +
−→
f =
Θ
c2
w +
−→
F , (12)
with heating rates per baryon and 3-force vectors θ,
−→
f or
Θ,
−→
F measured by comoving or fiducial observers respec-
tively, projected out by contraction with U ,
−→
h or w,−→γ .
Note that θ = −U ·
−→
Υ = 0 for an ‘elementary’ particle
of constant rest mass m.
Turning to a material continuum, its classical mechan-
ics on M are governed by the spacetime constraints
∇ ·N = 0, (13)
∇ · T = n
−→
Υ (14)
on the baryon number flux vector N and total inertia-
momentum flux tensor T , a (2, 0) tensor, where ∇ is the
spacetime covariant derivative. The 4-velocity U of the
material continuum is defined by its alignment with the
baryon number flux N :
N = nU , (15)
where n is the baryon number density measured by a
comoving observer. Referring to the definition above of
I = mU as the inertia-momentum per particle [18], T
can be decomposed relative to U as
T = nU ⊗ I −
−→
Σ , (16)
where the index-raised 4-stress
−→
Σ = Σ · ←→g is
−→
Σ = −nU ⊗
ǫ
c2n
U −nU ⊗
q
c2n
−
q
c2n
⊗nU+−→ς . (17)
These last two equations suggest the flux of inertia per
baryon; note in particular the factors of c2. The inter-
nal energy density ǫ and 3-flux q, and 3-stress −→ς , are
measured by a comoving observer and projected out by
contractions with U ,
−→
h . Alternatively,
−→
Σ can be decom-
posed as
−→
Σ = −w ⊗
E
c2
w −w ⊗
Q
c2
−
Q
c2
⊗w +−→σ (18)
in terms of internal energy density E and 3-flux Q, and
3-stress σ, measured by a fiducial observer and projected
out by contractions with w,−→γ .
Decomposed to 3 + 1 dimensions and in the limit
c → ∞, Eqs. (13) and (14) reduce to various non-
relativistic formulations. These are obtained with the
decompositions in Eqs. (7), (12) and (15)-(18), and pro-
jections along w or U and perpendicular to them using
Eqs. (4)-(5) or (8)-(9) respectively. Note also the decom-
position
∂( )
∂t
= w ·∇, D( ) = −→γ ·∇( ) (19)
relative to w of the spacetime covariant derivative on M,
whereD is the covariant derivative on St associated with
its Euclidean 3-metric γ. Alternatively
d( )
dτ
= U ·∇( ), D( ) =
−→
h ·∇( ) (20)
is the decomposition relative to U . In the non-relativistic
limit as c→∞,
d( )
dτ
→
d( )
dt
, D( )→ D( )− t (v ·D)( ), (21)
where
d( )
dt
=
∂( )
∂t
+ v ·D( ). (22)
is the non-relativistic material derivative.
III. GALILEI/NEWTON SPACETIME, BARYON
CONSERVATION, AND MASS CONSERVATION
While Galilei/Newton spacetime G—the non-
relativistic analogue of Minkowski spacetime M—has a
qualitatively distinct geometric character, in many ways
it can be understood as the c → ∞ limit of the latter
[13]. The absolute object on M governing causality is
the metric g (with inverse ←→g ), which embodies the
lightcones. As c → ∞ these lightcones are ‘pressed
down’ into fixed spatial hyperplanes St with a unique
linear form field t embodying absolute time. A spacetime
metric no longer makes sense (see Eq. (1))—G is not a
pseudo-Riemann manifold—but the inverse metric ←→g
limits sensibly to the degenerate inverse ‘metric’ ←→γ
(compare Eqs. (1), (6), and (4)), whose Galilei invariance
is the remnant of Lorentz invariance that survives the
limit. The projection operators γ, ←−γ , and −→γ also exist
(now regarded as separate tensors on G unrelated by
spacetime metric duality), and the 4-vector field w
has the same role associated with a fiducial inertial
frame. While the contraction t · w = 1 still holds, the
metric relationship ←→g · t = −c−2w on M degenerates to
←→γ · t = 0 on G.
The congruence of worldlines of continuum elements
exists on G, with tangent vector field U . This 4-velocity
is still related to baryon number flux by Eq. (15), but is
now related to the 3-velocity by
U = w + v. (23)
Baryon number conservation is still expressed by
Eq. (13).
Even without the notions of a norm or orthogonality
afforded by a spacetime metric, spacelike projections and
in particular decompositions with respect to timelike vec-
tor fields are still available on G, but care must be taken
to understand their geometric implications.
4On M the tensors ←−γ and
←−
h and their siblings project
to spacelike hyperplanes St and SU(X ) that are orthog-
onal to w and U respectively. The corresponding avail-
ability of orthogonal decompositions allows some flexibil-
ity in how these are expressed—various combinations of
up and down indices, without information loss.
On G the situation is different. Absolute time means
that St are the only spacelike hypersurfaces, and the
degeneracy of ←→γ means that projections to St are not
unique;
←→
h and its siblings also project to St. While on
G the tensors ←−γ , −→γ and
←−
h ,
−→
h with vanishing contrac-
tions with w and U respectively can be expressed
←−γ = δ −w ⊗ t, −→γ = δ − t⊗w, (24)
←−
h = δ −U ⊗ t,
−→
h = δ − t⊗U , (25)
their siblings
←→
h =←→γ , h = γ − t⊗ v − v ⊗ t (26)
exist but cannot be expressed in terms of a spacetime
metric or identity tensor. (Note Eq. (3); and also, that
while linear forms on M such as U dual to vectors with
time components do not exist on G, the particular com-
bination
−
1
c2
U = Λv
(
t−
1
c2
v
)
→ t (27)
does limit sensibly as c → ∞. The index-lowered v is
v = γ · v.) Due to the identity tensor in Eqs. (24) and
(25), faithful decompositions of (1, 1) tensors are possible
on G, while projections involving (2, 0) or (0, 2) tensors
entail information loss.
Decomposition of Eq. (14) on G for inertia-momentum
balance provides an instructive example. In the c → ∞
limits of Eqs. (12) and (17)-(18), the index-raised 4-force
−→
Υ and 4-stress
−→
Σ lose their timelike components. The
index-raising
−→
Σ = Σ ·←→g on M that limits to
−→
Σ = Σ ·←→γ
on G (and similarly for Υ) has a projective character
that nullifies information on internal energy and heat-
ing. Spacelike projections of Eqs. (16) and (14) give the
usual non-relativistic momentum balance. But the only
timelike projection available on G—contraction with t—
produces
∇ · (mN) = 0, (28)
which together with Eq. (13) implies the conservation of
mass that held sway until Einstein.
Thus inertia, represented in the (2, 0) tensor T , has
been decoupled from energy in the passage from M to G.
The apparent consequence, long assumed, has been that
a complete picture of energy on G requires the First Law
of Thermodynamics as an independent postulate.
IV. UNIFIED VIEW OF CLASSICAL
MECHANICS ON MINKOWSKI AND
GALILEI/NEWTON SPACETIMES
While the inertia-momentum vector I = mU of a par-
ticle exists on G, the total energy-momentum I = mU
does not because of the absence of a spacetime metric
(note that the first and second equations of Eq. (10) do
and do not make sense respectively as c → ∞). Thus
at first glance it looks as though the vector version of
Newton’s Second Law in Eq. (11) can exist on G, but
the linear form version cannot.
However, information on internal energy and external
heating need not be regarded as lost in the passage from
M to G. To motivate this I introduce the concepts of
relative 4-velocity V and relative 4-momentum P of a
particle as a vector and linear form respectively on both
M and G. Give the relative 4-velocity the unified defini-
tion
V = U −w, (29)
which from Eqs. (7) and (23) results in the more specific
expressions
V = (Λv − 1)w + Λv v (on M), (30)
V = v (on G). (31)
Define the relative 4-momentum as
P = −mc2(Λv − 1) t+mΛv v (on M), (32)
P = −
1
2
mγ(v,v) t+m v (on G), (33)
where γ ·U = Λv v on M and v on G. While the relation
P = mV = m g·V onM (see Eqs. (30) and (3)) does not
exist on G, Eq. (33) is the perfectly sensible c→∞ limit
of Eq. (32). Thanks to the constancy and uniformity of
t on M, the dynamical law
dP
dτ
= Υ (34)
for an ‘elementary’ particle of constant mass m is equiva-
lent to the linear form version of Eq. (11). This equation
also applies on G, where thanks to Eq. (27) and (3) the
4-force linear form limits to
Υ = −θ t+ f = −Θ t+ F . (35)
Thus on G, contraction of Eq. (34) with ←−γ gives New-
ton’s Second Law
dp
dt
= F (36)
in terms of the non-relativistic 3-momentum p = m v.
Contraction of Eq. (34) with U vanishes, and contraction
with V or w gives the Work-Energy Theorem
dev
dt
= F · v (37)
5in terms of the particle kinetic energy ev = mγ(v,v)/2.
(Beware that unlike their vector counterparts
−→
F =
−→
f
since ←→γ =
←→
h on G, the linear forms F = Υ · ←−γ and
f = Υ ·
←−
h are not equal!)
The case of a material continuum is a straightforward
generalization. In its natural (1, 1) incarnation, the 4-
stress of Eqs. (17) and (18) limits to the alternative de-
compositions
Σ = nU ⊗
ǫ
n
t+ q ⊗ t+ ς (38)
= w ⊗ E t+Q⊗ t+ σ (39)
on G. (This is the tensor, in the form of Eq. (38), found
by Duval and Ku¨nzle [14].) As a (1, 1) tensor, infor-
mation on internal energy density and flux survive the
c → ∞ limit. A unified 4-dimensional version of New-
ton’s Second Law for an infinitesimal continuum element
on M and G, including both an external force and inter-
nal stresses, reads
n
d
dτ
(
Π
n
)
= nΥ +∇ ·Σ (40)
with Π = nP . Thanks to Eqs. (13), (15), and (20) this
is equivalent to
∇ · S = nΥ , (41)
where
S = nU ⊗ P −Σ (42)
is the (1, 1) relative energy-momentum flux tensor ; com-
pare Eq. (16). On both M and G, contraction of Eq. (40)
or (41) with ←−γ , U , V , and w respectively yield balance
of 3-momentum, internal energy (First Law of Thermo-
dynamics), kinetic energy (Work-Energy Therorem), and
internal+kinetic energy (in conservative form). On G,
the first three respectively turn out to be the familiar
non-relativistic relations
n
d
dt
(pi
n
)
= nF +D · σ, (43)
n
d
dt
( ǫ
n
)
= n θ −D · q + σ :Dv, (44)
n
d
dt
(ǫv
n
)
= nF · v + (D · σ) · v, (45)
where pi = np is the 3-momentum density and ǫv =
n ev is the bulk kinetic energy density, while σ is the
Cauchy 3-stress, defined here as a (1, 1) tensor field with
components σij , so that σ : Dv = σ
a
bDav
b; and finally
the contraction with w yields
∂ǫkin
∂t
+D · (ǫkin v + q − σ · v) = n (θ + F · v) , (46)
where ǫkin = ǫ + ǫv. This last equation, for bulk ki-
netic plus internal energy—that is, macroscopic and mi-
croscopic kinetic energy—also follows from the sum of
Eqs. (44) and (45), as obtained in the traditional ap-
proach when one regards Eqs. (43) and (44) as indepen-
dent postulates on E3.
V. CONCLUSION
Greater conceptual unity of the relativistic and non-
relativistic classical mechanics of material particles and
continua is achieved by combining kinetic energy and 3-
momentum in a linear form P (particles) or (1, 1) tensor
S (continua) on Minkowski and Galilei-Newton space-
times M and G. Defining P as a linear form instead of
as a vector geometrizes the deep principle that momen-
tum is conjugate to displacement (a vector). Also, as
noted by Weyl [4] it is natural that force be regarded as a
linear form, so that direct contraction—without a scalar
product—with displacement (or velocity) yields work (or
power).
As on M, the First Law of Thermodynamics can now
be regarded on G as a consequence of a unified dynam-
ical law, Eq. (40) or (41), rather than an independent
postulate. Perhaps long familiarity with the luxury of
a spacetime metric and insufficient attention to a thor-
oughly geometric perspective on the non-relativistic case
have led to this possibility being long overlooked.
This viewpoint retains some limitations inherent to the
non-relativistic case. While the total (internal + bulk)
kinetic energy is governed by Eq. (41), inertia remains
separate and is governed by the more familiar Eq. (14)
with different implications on M and G. Moreover the
definitions of the relative energy-momentum form and
tensor P and S, as indicated by the adjective ‘relative,’
depend on the selection of a (family of) fiducial frames
associated with w (cf. Eq. (29)). It is not clear how
serious a limitation this is, as some resort to reference
frames is necessary in any case to make contact with
experience (measured quantities, initial value problems)
and to define Lorentz or Galilei covariance.
Curved spacetime generalizations can be examined by
allowing for non-uniform and non-constant fiducial fields
associated with the 3+1 foliation (t and w in the present
work). It may be of some interest to revisit the necessity
or significance of the Bargmann group and its Lie algebra
in both classical [15–17, 19, 20] and quantum [19, 21, 22]
contexts.
A final remark is that, as on M [2], a free particle on G
can be given a Hamiltonian but not Lagrangian formu-
lation. The free particle energy on G can be expressed
ev = P ·U = P ·I/m, corresponding to the Hamiltonian
H = P ·w +
1
m
P · ←→γ · P (47)
yielding the expected canonical relation
dX
dτ
=
∂H
∂P
= w +
1
m
P · ←→γ = U . (48)
The absence of a corresponding Lagrangian formulation
is signaled by det (∂H/∂Pµ∂Pν) = det (γ
µν) = 0. This
is a reminder of the range of possibilities allowed by a
symplectic view of physics on spacetime [23, 24]: there
is more to life, and perhaps to nature, than Lagrangians
on pseudo-Riemann manifolds.
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